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Abstract 

• We consider a trace theorem for self-similar Dirichlet forms on self-similar sets to 

ly-^ i self-similar subsets. In particular, we characterize the trace of the domains of Dirichlet 

forms on the Sierpinski gaskets and the Sierpinski carpets to their boundaries, where 
boundaries mean the triangles and rectangles which confine gaskets and carpets. As an 
l/^ . application, we construct diffusion processes on a collection of fractals called fractal fields, 

I which behave as the appropriate fractal diffusion within each fractal component of the 

^ ■ field. 
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1 Introduction 



The trace of Sobolev spaces on M" to linear subspaces have been studied in various directions 
as generahzations of the Sobolev imbedding theorem. There has also been extensive study how 
to extend Sobolev, Besov and Lipschitz spaces from subdomains of M" to the whole spaces (see 
for example, ^ and the references therein). Since 80's, there are generalizations of these 
problems for Besov-type spaces on more complicated spaces, namely on the so-called Alfors 
c/-regular sets ([TTH 1^). 

On the other hand, recent developments of analysis on fractals give new lights to these 
problems. On many fractals such as Sierpinski gaskets and Sierpinski carpets, diffusion pro- 
cesses and the "Laplace" operators are constructed. It turns out that the domains of the 
corresponding Dirichlet forms are Besov-Lipschitz spaces. 




Figure 1: The Sierpinski carpet and the Pentakun 



In this paper, we consider the following natural question: given a Besov-type space on a 
self-similar fractal K, what is the trace of the space to a self-similar subspace LI We would 
indicate two examples in Figure 1. The left figure is when K is the so-called 2-dimensional 
Sierpinski carpet (see Section 5 3) for the definition) and L is the line on the bottom (drawn by 
the thick line). The right figure is when K is the Pentakun (a self-similar fractal determined 
by five contraction maps; see Section 5 2) for the definition) and L is a Koch-like curve (drawn 
by the thick curve). In each case, the domain of the Dirichlet form on K is the Besov-Lipschitz 
space, but one cannot obtain the trace using the general theory given by Jonsson-Wallin (jl6j) 
and Triebel {^). 

This problem was quite recently solved by Jonsson (^Hl) for one typical case, i.e. when K is 
the 2-dimensional Sierpinski gasket and L is the bottom line. But his methods rely strongly on 
the structure of the Sierpinski gasket and its Dirichlet form, and they cannot be applied to the 
so-called infinitely ramified fractals such as Sierpinski carpets. Instead, we use the self- similarity 
of the form and some kind of uniform property of harmonic functions which can be guaranteed 
by the Harnack inequalities. Our methods can be applied to the Sierpinski carpets (even to the 
high dimensional ones) and we can state the trace theorem under some abstract framework. 
In fact, we would need various assumptions for K and for the Dirichlet form on K, which are 
stated in Section 2. Unless these conditions are satisfied, there may be various possibility of 
the trace, because of the "complexity" of the space (see Section 5 4) for an example). 
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In order to prove our trace theorem, we give a discrete approximation of our Besov-Lipschitz 
space in Section 3.1. This approximation result is also new and is regarded as a generalization 
of the main result in The restriction theorem is given in Section 3.2; the key estimate 

(Proposition l3.8|l is based on the idea used by one of the author in fHI- The extension theorem 
is given in Section 3.3, where the classical construction of the Whitney decomposition and the 
extension map is modified and generalized to this framework. 



□ □□ □□ □□ □□ □□ □□ □□ □□ 014711 1 1 1 1 1 1 1 [rj 

□ □□□□□□□□□□□□□□□□□□□□□□□□□a- 

□ □□ □□□□□□ □□□□□□ nnnii: :J 

□ □ □□□□ □□□□ □□.y. 

□ □□ □□□□□□ □□□□□□ 4J+ — L 

nnnnnnnnnnnnnnnnnnnnnnnnnnn-j - +rt +Tf ■ j 

□ □□ □□ □□ □. .JLJL. 

□ - 1 ' 1 1 1 ' 1 ■ i 

□ □□□□□□□□ : : 

□ □□□□□ □□□□□□■i- 

□ □□□□□□□□ 






H 11 H Bpl 

□ □□□□□□□□ □□□□□□□□□■X. .± 

□ □□□□□ :t 

□ □□□□□□□□ 

□ ^. . 1 . . . 1 ■ . ^ 

□ □□ □□ □□ □□ □□ □□ □□ □□ □■■ ±_y ±y ■ 

□ ±. J 1 1 111 . X 

□ □□ □□□□□□ □□□□□□ □□□■J - +r+ +J+ ■ T 

□ □ □□□□ □□□□ . 

□ □□ □□□□□□ □□□□□□ :^ 

n nn nn nn nn nn nn nn nn n ■ + ■ J 1 MJ 1 1 " "F 

□ □□□□□□□□□□□□□□□□□□□□□□□□□□--I 1 1 1 1 1 1 1 p 







Figure 2: An example of fractal fields 



Such a trace theorem has an important application to the penetrating process, which is 
discussed in Section 6. Let us indicate one concrete example. Given two types of Sierpinski 
carpets as in Figure 2 (the left carpet is determined by contraction maps with the contraction 
rate 1/3 and there is one hole in the middle, while the right carpet is determined by contraction 
maps with the contraction rate 1/4 and there is one bigger hole in the middle). On each carpet, 
one can construct a self-similar diffusion; the question is whether one can construct a diffusion 
which behaves as the appropriate fractal diffusions within each carpet and which penetrates 
each fractal. In order to construct such a diffusion by the superposition of Dirichlet forms on 
each carpet, the key problem is whether there is enough functions whose restriction to each 
carpet is in the domain of each Dirichlet form. To answer this question, it is crucial to get the 
information of the trace of the Dirichlet form on each carpet to the line, which is the intersection 
of the two carpets. Indeed, when one of the author studied this problem on fractals in [201 ^] , 
he needed a very strong assumption on each fractal because of the lack of the information of 
the trace. Our trace theorem can be applied here and we can construct penetrating processes 
on much wider class of fractals. 

Throughout this article, if / and g depend on a variable x ranging in a set A, / x (7 means 
that there exists C > such that C^^f{x) < g{x) < C f{x) for all x a A. We will use c, with 
or without subscripts, to denote strictly positive constants whose values are insignificant. 

2 Framework and the main theorem 

Let (X, d) be a complete separable metric space. For a > 1 and a finite index set W ^ let 
{Fjjigiy be a family of a- similitudes on X, i.e. d(Fj(a;), = a~^d(x,?/) for all x,y E X. 

Let S" be a subset of W and let N denote the cardinality of S. Since {-Fijies is a family of 
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contraction maps, there exists a unique non-void compact set K such that K — [J.g^Fj(i^). 
We assume that K is connected. Note that W will be needed in general when we define a 
self-similar subset L below. In various important examples such as 1), 3) in Section 5, we can 
take W = S. 

We will make the relation to the shift space. The one-sided shift space E is defined by E = 
W^. For w e E, we denote the i-th element in the sequence by Wi and write w = W1W2W3 ■ ■ ■ . 
When w e VF", \w\ denotes n. For v e and w e VF", we define v ■ w e W'^^"' by 
v-w — V1V2 ■ ■ ■ VmWiW2 ■ ■ ■ Wn. Foi A C and B C W^, A ■ B denotes {v ■ w : v ^ A, w & B}. 
The set w ■ A is defined as {w} ■ A. By definition, = {0} and $ ■ A = A. 

Let be a group consisting of isometrics on K. We assume the following. 

• For each i eW, there exist j — e S and e 6 such that Fj = Fj o ^f^. 

• For each (^, a) e & x S, there exists (^, a) e x 5" such that * o = F,^ o ^. 

Note that, when 1^ = S*, we can always take as & the trivial group consisting of one element. 
We write F^^...^„^ = Fy^^ o F^^ o • • • o F^^ for w = W1W2 ■ ■ ■ Wn- We regard F0 as an identity map. 
For w e W and A C W for some n e Z+, define Ky, = Fy,{K) and Ka = U^,eA 

Lemma 2.1. There exist maps $ : lJnez+ ~^ Unez+ ^"-^ ^ • Unez+ ^ ^ ^'^^^ ^^^^ 
Fw = F^{w) o "^{w) for each w G Unez+ -^^ particular, Ky, = 

Proo/. Set $(0) = and *(0) = the unit element of <S. When i e W^, it suffices to set 
= j(0 3.nd ^(i) = ^j. Suppose that is defined for w e W^"'. Then, for w' = w ■ i 

with i G W, Fyji = Fyj o Fi = Fi,(^) o "^(^w) o o This is equal to Fi,(^) o o \|/ o vl/j for 
some (^, i) e X 5. Therefore, it is enough to define $(■«;') = $(■«;) • i and ^(w') = ^ o ^fj. □ 

Define tt : E — > X by the relation {7r{w)} — Kyj^...^;^ ior w — W1W2 ■ • ■ & T^- Define 

Ck-.^tt-'I U {K.DkA, Pk:^\J<j''{Ck), (2.1) 

\i,jeS,i^j J n>l 

where cr : E — > E is the left shift map, i.e. aw — W2W3 ■ ■ ■ if w = W1W2W3 ■ ■ ■ . 

n K n K 

For v,w e VF", we write v ~ w ii Kyd ^ 0. For w e VF" and A C VF", w ~ A means 

that w"''^ V for some v e A. For >1 C W", define Ao(^) = ^ and A/'fc(^) {v G Vl^" | f "'^ 
J\fk-i{A)} for /c e N inductively. We set J^kiw) = Afk{{w}) for w G W^". 

Let J be a subset of W. We assume that the cardinality Nj of / is less than N. Let L be 
a unique non-void compact set such that L = [j-^jFi{L). Clearly, L is a subset of K. Denote 

Fyj{L) by Lyj for w G Unez+ Let M G N. For v , w G J**, we write u wiiv e Mm{w). We 
fix M so that for each i, j G /, there exist ii, ^2, . . . G / satisfying i > ii ^^^^ Z2 ■ ■ • J- 

M M M M 

In what follows, we omit M from the notation We assume the following. 

M 

(Al) sup„gz^ max^gsn ^{J\fi{w) n 5"") < 00 and Cq := sup„gz^ max^g/n ^{Mm{w) n 7") < 00. 
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(A2) There exist ki,k2 > such that, for x,y & L, n & Z_|_ and v,w & I" with x G Ky and 
y E Kw, d(x, y) < imphes v'*i w and w imphes d(a;, y) < k2a~'^. 

(A3) There exist A;i, A;2 > such that, for x,y E K , n E Z+ and v,w E with x G Ky and 
y G -ft'^, d(x, < A;ia~" imphes f ~ w and f ~ w imphes d(x, y) < A;2Q;~". 

Let ft and z> be the canonical BernouUi measures on S*^ and respectively. That is, they are 
infinite product measures of S (resp. J) with uniformly distributed measure. Denote by fi the 
image measures of fi by the map irlgm : K. In the same way, the probability measure u 

on L is defined. By conditions (Al), (A2), and (A3) and [THl Theorem 1.5.7], the Hausdorff 
dimensions of K and L are equal to df := log A^/ logo; and d := log Nj/ log a, respectively, and 
IJ, and z/ are equivalent to the Hausdorff measures on K and L, respectively. 
We will further assume the following. 

(A4) fi{{x G K : #(7r-i(s) n S^) = oo}) = and u{{x G L : #(7r-i(a;) H F) = oo}) = 0. 

Then, by Theorem 1.4.5 in [H], //(/sT^) = A^"!"'! for every w G U„ez+ and u{L^) = A^f'""' 
for every w G IJnez+ also holds that /u(L) = 0. 

Suppose that we are given a strong local regular Dirichlet form {S,J-') on L'^{K,fi). JF is 
equipped with a norm = {£{f) + ||/|lL2(,t))^^^- Here and throughout the paper, for each 

quadratic form E{-, ■), we abbreviate E{f, f) as E{f). We assume the following. 

(A5) (Self-similarity) For each j E T and i E S, F* f G where F*f = f o F^. Further, there 
exists p > such that 

£if) = pJ2£iF:f), /e^. 

ieS 

(A6) For every ^ G 0, ^*J^ = J^, that is, {/ o ^ : / G J^} = J^. Further, £(^7) = ^(/) for 
ah / G J^. 

(A7) Let = (log pA^)/ (log a). Then d^ > df — d. 

(Bl) The space is compactly imbedded in L'^{K,fi), and £^(/) = if and only if / is a 
constant function. 

For each subset A of W"^ for some m G Z_|., let JF4 be a function space on Ka such that 
{JIka : / e ^} C C {/ G L2(i^^) : F*f e T for aU G A}. The space will be 
specified later for some class of Dirichlet forms in Section 4. Define, for f,gE J-'a, 

^a(/,^?) = p"^ 5^^(0,0). (2.2) 

We assume that JF4 = JF^.^n for all n G N and {Sa,^a) is a closed form on L'^{Ka, fi\KA)- 
In what follows, we always consider J-'a as a normed space with norm = (^^a(/) + 

WfWlHKj'^'- Due to (A5), SAif) = SaMI) holds for any / G J^a, and ^$(a)(/) = ^a(/) if 
#$(y4) = by (A6). When A = {w}, we use the notation in place of £{w}- Functions in 
J-' can be naturally considered as elements in J-'a by the restriction of the domain. We often 
write simply / in place of fix a when we regard / G as an element of J-'a, for notational 
conveniences. 
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Definition 2.2. Let A be a nonempty subset of for some m G Z+. We say that A is 
£^A-connected if, for / G J-" a, ^A^f) = implies that / is constant on Ka- 

Definition 2.3. Let A C W"^ and B C W"^ for some m and n. We say that A and S are of 
the same type if there exist a homeomorphism F : Ka Kb and a bijection x '■ ^ ~^ B such 
that F o F„ = for all m G A and F*{Tb) = Ta- 

We assume the following. 

(B2) There exists 1 dW such that the following hold. 

(1) J D / and #/ < N. 

(2) For each w G /", Nm{w) fl /" is an £^_yy-^^(^)p|/„-connected set. 

(3) There exist finite elements Ui, . . . ,Uk G IJnez+ such that, for any w G IJnez+ 
there exists j G {1, . . . , fc} such that Xa.i{w) H JI^'I and A/Af(Mj) H are of the 
same type, and moreover, F{Lj^^^^^-^^j\^\) = Lj^^^^^^^^u^i where F is provided in 

Definition O 

(4) Ci := sup„g2^ max^g|„ #(ArA/(w) nJ") < oo and C2 := sup„g2_^ max^ggn g /" : 

= w} < 00. 

For an open set U G K, define the capacity of U by 

Cap(f/) = inf{||u||^ : m G JF, u > 1 yu-a.e. on U}. 

The capacity of any set D C -ft' is defined as the infimum of the capacity of open sets that 
contain D. We denote a quasi-continuous modification of / G by /. We assume the following. 

(A8) There exists some c > such that z^(-D) < cCa.p{D) for every compact set D G K. 

By Theorem 3.1 of [T, (A8) is equivalent to the following. 

(A8)' The measure u charges no set of zero capacity and / ^— ^ /|l is a continuous map from 
to L'^{L,iy). 

We will provide sufficient conditions for (AS) in Section 4. 
For each n G define Qn '■ L^{L, v) M^" as 

Qnf{w) = I fiy)duiy), w G r, 

where in general -j^^ ■ ■ ■ dX{y) := \(A)~^ J^- ■ ■ dX{y) denotes the normalized integral on A. 
Then, one can easily check 

A^7'I]^-+i^(^-^') = ^™^H, (2.3) 

Let m G N, A C S"^, and J C I"". Define J^{J,A) = {/ g : / = on Ksr^^\A, <5m(/U) = 
on J}, and define a closed subspace H{J,A) of J-" by 

n{J, A) = {heJ^: S{h, /) = for all / G J^( J, A)}. 

When J is an empty set, we omit it from the notation. We assume the following. 
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(B3) There exist some lo,mQ E Z+, C > 0, a proper subset D'{w) of S''"'' with w G D'{w) 
for each w E U„ez+ a finite subset S C U„ez+ ^l/""^™") and subsets D^{v) of 

D'{v) with f G /^"(t;) for each f G H such that the following hold. 

(1) For each w E U„,gz+ 

(a) w E D'{w) and C Ui,,{w) H ($(/") ■ S"^"), 

(b) there exists f G H such that 

F:{{hEn{l\^\D\w)): I hdii = Q, p-\^\SD'i^){h)<l}) 
GF:{{hEn{&\D\v)):\\h\W^^^^^<C]). 

(2) For each t; G H, the operator F* : l-i{D^{v))\K^^ ^ T is a compact operator, where 
7i(D'*(f))|i4'^j^^^ is regarded as a subspace of J^Di{v)- 

We set = D'{<^{w)) for w G IJnez+ We have a sufficient condition concerning 

(B3); see Section 4. 

The following assumption (B4) will be used in the restriction theorem. 

(B4) For / G JF, if Sg,n\^^(^jm){f) = for every m G Z+, then / is a constant function. 

We next introduce Besov spaces. 

Definition 2.4. For 1 < p < oo, I < q < oo, P > and m E set 

amiP, f) := 7"^^ (r"' [ [ \f{x) - f{y)rdfi{x)dM 

\ J J {{x,y)eKxK:d{x,y)<c^~^} 

for / G LP{K,fi), where l<7<oo, 0<c<oo. Define a Besov space A^^^^K) as a set of 
all / G LP{K,fx) such that a{p, f) := {a^(/3, /)}^=o ^ ^Jgl^) is a Banach space with the 
norm := ll/IUnA") + M/3,f)\\i.. Let A^,^(i^) denote the closure of Aj^(K) n 

in A^g(ii'). A^g(L) and A^^^{L) are defined in the same way by replacing {K,fi) by (L, z/). 

We remark that this definition is valid for general Alfors regular compact sets K with 
normalized Hausdorff measure fi. We use the notation A^^^{K) following [TT]. A^^^K) was 
denoted by Lip {f3,p,q){K) in jTU ED] and by A^'''(i\:) in Note that different choices of 
c > and 7 > 1 provide the same space A^^{K) with equivalent norms. In what follows, we 
will take 7 = 0;. 

We are now ready to state our main theorems. Let (3 = — {df — d)/2. 

Theorem 2.5. Suppose that (A1)-(A8) and (B1)-(B4) hold. Then, for every f E J^, f\L 
belongs to A2 2{L). Moreover, there exists c > such that II/IlIIa!^. (l) — /^'^ every 
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Theorem 2.6. Suppose that (A1)-(A8) and (C1)-(C2) hold. (The conditions (CI) and (C2) 
will be defined in Section 3.3). Then, there exists a hounded linear map C, from A2 2(-^) to T 

such that ^{Al2{L) n C{L)) cJ^nC{K) and U\l = f v-a.e. for all f G Af,2(^)- 

In what follows, we often write = A2 2{L) to denote the assertions of two theorems 
above. 

Remark 2.7. In the following two cases, we can prove A2 2{L) = A2 2{L). 

1) L C M"' for some ?7, G N and j3 < 1. In this case, the following trace theorem holds due to 
Uni; 5j:^(„_^)/2(^'')U = ^2,2 (^) where B^^'^{W) is the classical Besov space with smoothness 
order 7. Since C^(M") is dense in _B^'^(]R") for 7 > 0, it follows that functions from 
restricted to L are dense in A2 2(-Z^)- 

2) f3 > d/2. In this case, the following holds due to [H] Theorem 8.1; A^^iL) C C'^-'^/\L), 
where C^{L) is a Holder space defined as follows, u G C^{L) if 

ll^llc^(L) := lkllL°°(L) + Jy - esssup — — < 00. (2.4) 

Since A2 2(-^) C A2^{L), we see that any element in A2 2(-^^) is continuous in this case. 

Remark 2.8. Since u is smooth with respect to [S, J-'), we can consider the time changed Markov 
process with respect to the positive continuous additive functional associated with z/ via the 
Revuz correspondence. By the general theory of Dirichlet forms, this has an associated regular 
Dirichlet form {S, JF) on L'^{L, u) with JF = {/ G L'^{L, v) : f = u z/-a.e. on L for some u G J^e\i 
where Te is the family of /i-measurable functions -u on such that \u\ < 00 /i-a.e. and there 
exists an 6^-Cauchy sequence {un}nm of functions in such that lim„^oo Un = u /i-a.e. As is 
seen in the proposition below, J-'e = in our framework. So, our main theorems determine the 
function space JF. 

Proposition 2.9. Under the condition (Bl), Te = T . 

Proof. By (Bl), there exists some c > such that 

2 

< c£{f), feJ'. (2.5) 

Let u & Te- Take {un\nm from JF as in the definition of Te in Remark 12.81 Define Qn = 
Un — Un dfi for each n. Then, {gn}neN is £^-Cauchy. Since gn dfi = 0, ()2.5|) implies that 
{gn} is also L^(i^)-Cauchy. Therefore, gn converges to some g in J^. By taking a subsequence, 
we may assume that gn ^ g /i-a.e. Thus, Un dfi { = Un — gn) converges to some C G M. In 
particular, Jj^Undfi converges to C in JF as a sequence of constant functions. Therefore, m„ 
converges to (/ + C in JF. This implies that u = g + C belongs to JF. □ 
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3 Proof of main theorems 



3.1 Discrete approximation 

In this section, we assume (Al)-(A8). For n G Z+, define a bilinear form on J" as 

We tlien liave the following discrete characterization of A^glL) (for related results, see PT]). 

Lemma 3.1. Let (3 > and q G [l,oo]. Then, there exists Ci > such that for each f G 
L\L,u), 



Cl 



\fix)-f{y)\'duix)duiy) 



< 



< 



{{x,y)t^LxL:d{x,y)<kia-"'} 
1/21 °° 
J n=0 



1/2' 
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\f{x)-f{y)\'dv{x) dv{y) 



' {(x,y)<^LxL:<i{x,y)<k2a~"} 

Here, ki and k2 are provided in (A2). 

Proof. Due to the choice of M, the exists some C2 > such that 

2 



n=0 



1/2' 



n=0 



■ (3.1) 



For / G L'^{L, v) and n G Z+, we have 



{(x,y)e-LxL:d(x,j/)<fcia-"} 



\f{x)-f{y)\'diy{x)du{y) (by (A2)) 



< 



E // 3{|/(X) - Qnfiv)\' + IQnfiv) - Qnfiw) 

J J J Ly X Ln) 



+ \Qnfiw)-fiy)\'}duix)du{y) 

< QCoN^J^f U{^)-Qnf{v)fdv{x)+mf-E^r.){Qnf), 
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where Cq is what appeared in (Al). Concerning the first term, we have 

J2 I {f{x)-Qnf{v)fdu{x) 
oo / 

m=n \ t,g/m+i uig/™ 

oo 

< C2 5^ iV7('"+^) 5^ E(i)(g„+i/(^ ■ *)) 

m=n wS:I"^ 
oo 

m=n 

where the martingale convergence theorem was used in the second equahty and ()2.3p was used 
in the third equahty. Note that a'^ = Nj. Suppose q G [1, oo). Then, 



\ 9/2 



n=0 \J J{(x,y)eLxL:d{x,y)<kia~"} J 

oo / oo 

n=0 \ m=n 

oo / oo ^ 

n=0 \m=n 

oo 

< C4 5^a-(/^-'^/2)«E(^)(Q^/)«/2 



m=0 



C4 |«"'^ («-"^E(„)(g„,/)) 



1/2 



oo 



n=0 



where in the third inequahty, we used (A7) and the following inequality for a > 0: 

oo / \ P oo 

^ J]] < c ^ 2^^a^. for a ^ 0, p > 0, aj > 0, (3.2) 

i=o VjeAi / j=o 

where Aj = {z, i + 1, . . .} when a > and Aj = {0, 1, . . . , i} when a < 0. When < p < 1, this 
is obvious since (x + yY < + for x, y > 0. When p > 1, this is proved by applications of 
Holder's inequahty; see e.g. 
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When q = CO, letting 7 



a 



n/3 



(«-"'^E(„)(Q„/)) 



1/2 



n=0 



we have for every n G Z_| 



n(/3+d/2) 



{(x,j/)eLxL:d(a;,j/)<fcia-"} 



1/2 



n(2/3+d) 



^7" E ^7^™^'^^(-+l)(Q-+l/) + iV7'"^(n)(Qn/) 



C5 



1 - ■ 

Thus, the first inequahty in ()3.ip is proved. 
Next, we have 



E{n){Qnf) 



2n 



{fix)~fiy)}duix) du{y) 



< 



< a 



2nd 



\fix)-fiy)\'duix) dv{y) 



\f{x)-f{y)\'dv{x) duiy), 



' {{x,y)€LxL:d{x,y)<k2a-"} 

which deduces the second inequahty of ()3.1|) . □ 

Remark 3.2. Quite recently, M. Bodin (|H]) gives a discrete characterization of A^^{K) for the 
Alfors (i-regular set K if it has a regular triangular system with some property (property (B) 
in the thesis). 



3.2 Proof of the restriction theorem 

In this section, we assume (Al)-(A8) and (B1)-(B4), and prove Theorem 12.51 The following 
lemma is immediately proved by equation ()2.2|) . 

Lemma 3.3. Let A C W"^, B C , f G J-'a, and g G J-'b- Suppose that there exists a 
bijection l from A to B and F*f = F*^^-^g for every v E A. Then, p~™£^^(/) = p'^'Ssig)- 

Let n G Z+ and w G Let A = Nuiw) n Define = {f e J^a ■ QuUIla) = 
on AfMiw) n /"} and = {h E J-'a '■ ^Aih, /) = for all / G Qw}- Here, we used (and will 
use) notations QtiWIla) (o^ ^) EaU) for / G Ta in the obvious sense. 

Lemma 3.4. (1) There exists some c > such that ||/|li2(x^) < cEaU) for all f G Qw 

(2) For each g G J-'a, there exists kg G /C^ such that QnihglL^) = QnigliA) -^Miw) fl /" 
and £A{hg) < £a{9)- 
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Proof. (1) Suppose that the claim does not hold. Then, there exists a sequence {fk}km C 
such that ||/fc||L2(i<:^) = 1 and linifc^oo ^A(/fc) = 0. We may assume that fk converges weakly 
to some / in JF4 and F*fk converges to F*f weakly in JF for every w E A. By (Bl), F*fk 
converges to F*f in L'^{K) for each w E A. Thus, fk converges to / in L'^{Ka)- We also have 
^A^f) < liminffc^oo ^^(/fc) = 0. Therefore, SaU) = 0. In view of (B2)(2), / is constant on 
Ka- Since / belongs to by (A8)', we conclude / = on Ka, which is a contradiction to the 
fact that ||/||l2(;^,^) = limfc^o^ llfkh^KA) = 1- 

(2) Let J^g = {f e J^A ■ QnifliA) = Qnig\LA) on Mm{w) n /"}. Take a sequence {hk}km C 
J^g such that £A{hk) converges to the infimum of {EaU) '■ f £ ^g}- Since 

WhkWi^iKA) < \\hk - 9\\l^{Ka) + \\9\\l^{Ka) < c^^^^Aihk - g)^^^ + \\g\\L2{KA), (3-3) 

we have sup;, 11^^11^2(7^^) < There exists a weak limit h G J-'a of a subsequence of {/ifcjfeeN 
in J^A- Then h E J-'g and h attains the infimum of : / ^ ^g}- Dividing by e both sides 

of the inequality SA^h + ef) — EAih) > for / G and letting e — > 0, we obtain h G /C^,. □ 

Lemma 3.5. There exists some Ci > such that 

Cip-"£^(;„)(/) > ^(„)(g„(/|L)) for allfeJ' and n G Z+. (3.4) 
Proof. First, we prove that /C^ is a finite dimensional vector space. For each i G Muiw) fl 
take a function gi G J-" such that <5n(fi'i|L)(j) = j g j ^ ^ ^ fl Existence 

of such functions is assured by the regularity of the Dirichlet form {£,T). Define a linear map 
9: /C^ RA^M(«')n/" by e(/) = {SaU . gi)]i^M(w)rM- Suppose / befongs to the kernel of 9. 
Then SA{f,g) = for every g G J-'a, which implies that / is constant on Ka by (B2) (2). 
Therefore, JC^ is finite dimensional. 

Since SA{h) = implies ^^fzAiQn{h\LA)i'") - Qn(^|LA)(^))^ = hi h e /C^, there exists 
C2 > such that Y.v(^AiQnih\LA)i'") - Qnih\LA)i'^)y < C2p~"£Aih) for every h G /C^. By 
(B2) (3) and LemmaEISl we can take C2 independently with respect to w G IJnez+ Therefore, 
for any f E and n G Z+, by taking /i/ G IC^ as in Lemma f3. 41 (2), 

< c^p-^'EAihf) 

< C2p-^£Aif). 

This implies that 

E^n){Qn{f\L)) = E E iQn{f\L){v) - Qn{f\L){w)r 

< E ^A/'MMn/"(/) 

where Ci and C2 are provided in (B2) (4). □ 



12 



Recall finite sets S and /^"(f) for G S introduced in (B3). 

Lemma 3.6. For eachv G S, the operator F* : 7Y(/'^', ^ J-' is a compact operator. 

Here, /^"(f ^ regarded as a suhspace ofj-'x^^ y 

Proof. Define /(f) = {w e Jl^l : t Note that )) = 7^(/(f ), D«(f )). 

f 1 if ?' = i 

For each i G /(f), take a function (/j in jF(Z}^(f)) such that Q|t,|(5'j|L)(j) ~ | g if j ^ i 

all J G /(f). Define a linear map 6 : Uil^'^K D\v))\k ^ M^(-) by e(/) = {^(/, (?,)}.£/(.)• 
Then, the kernel of G is equal to 7Y(/)'*(f ))|i^^(,^ ^. The homomorphism theorem implies that 

H(/H,/}«(f))|^^„^^y n{D\v))\K^,^^^ ^ <$>{n{l\^\D\v))\K^,J as a vector space. Therefore, 
there exists afinite dimensional vector space Z of ?i(/l''l, D'^{v))\k^^^ ^ such that 'H{1^'"\ /)''(f))|/^^ 
is a direct sum of ?-^(/)''(f ))|x^j^ ^ and Z. Condition (B3) (2) concludes the assertion. □ 

Lemma 3.7. Let m G N, A a proper subset of S^, and J a subset of . For g ^ T , there 
exists a unique function g' in T-C{J,A) such that g' = g on Ksm\A o-nd Qm{g'\L) = Qm{g\L) on 
J. Moreover, there exists c > such that 

\\9'h_,<c\\g\\^^, S{g')<S{g) (3.5) 

for all g E J-". Further, if g >0 fi-a.e., then g' > fi-a.e. 

Proof. First, we prove that there exists some c' > such that ||/|li2(^^) < c'SA^f) for every 
/ G J^iA). Suppose this does not hold. Then, there exists a sequence {/n}nGN C J^{A) such 
that ||/n||L2(XA) = 1 fo^^ every n and SA{fn) converges to as n — cx). We may assume that 
/„ converges weakly to some / in JF. Then, /„ converges to / G in L'^{K) by (Bl), and 
£{.f) — liminfn-»oo i^(/n) = 0. Therefore, S{f) = and / is constant on K. Since / G J-'{A) 
and A ^ S"^, f is identically 0, which is contradictory to the fact ||/||l2(^) = 1. 

Now, given 51 G J", let JF^ = {/ g : / = 5- on Ksn.\A and Qm{f\L) = Qm{g\L) on J}. 
Then, in exactly the same way as the proof of Lemma [3.41 (2). there exists h E Tg attaining the 
infimum of {£{f) : / G Tg] and h G H{J,A). Such functions exist uniquely; indeed, if both h 
and h' attain the infimum above, we have 

£ j = 2 ^^^^^ + - ^ v^~j - °' 

which implies that h — h' is a constant. Since h — h' = on Ksm\A, we conclude that h = h'. 
On the other hand, it is easy to see that g' should attain the infimum above. Therefore, g' is 
uniquely determined. By the inequality similar to ()3.3p . we conclude ()3.5p . The last assertion 
follows from the characterization of g' above and the Markov property of the Dirichlet form. □ 

The following is the key proposition. Condition (B4) will be used (only) here. 



13 



Proposition 3.8. There exist < Cq < 1 and 6o G N such that the following holds for all 
neZ+ and he 7^(1", $(/")).■ 

Moreover, for all i > j > 1, b = 0,1, ... ,bo - 1, and h e H{P°\ $(/''°-'')), 

Proof. It is enough to prove the first claim. Recall Iq and mo in condition (B3). By (B3), 
C := sup„gg^ max^gj^„+,„(, ^D{w) is finite. Let n G Z+ and w G J"+''"o. Define 

= {F:/:/G7^(r+'"",DH), /" /rf/i = 0, p-("+'"°)^,,(.)(/)<l}, 
C = the closure of \^ in JF. 

Then, C is a compact subset in by Lemma f3. 61 and (B3). Let 5 = 1/(4C^) and define C{5) = 
{/ G C : £{f) > 5}. Since (B4) holds, for each / G C{6), there exist m(/) G N and a(/) G (0, 1) 
such that £^(^jm){f) < a{f)£{f) for all m > m[f). By continuity, £^(^fm){g) < a{f)£{g) for all 
m > m{f) for any g in some neighborhood of / in JF. Since C{6) is compact in J-', there exist 
mi G N and ai G (0, 1) such that £q,^m^^{f) < ai£{f) for every / G C(5). In particular, 

£if)<a2£s^^\^ii^^){f), fem (3.6) 

with a2 = (1 — ai)"""^ > 1. 

Now, take h as in the claim of the proposition. We construct an oriented graph such that the 
set of vertices is <|)(/"+'"o) and a set of oriented edges is E = {{v, w) G <|)(/"+™'0) x <|)(/"+™o) : 
V G D'{w), £w{h) > and £w{h) > 2C£j;{h)}. This graph does not allow any loops. Let Y 
be the set of all elements w in such that £w{h) > and w is not a source of any 

edges. For w e Y, define No{w) = {w}, Nk{w) = {v e \ [J'^Iq Ni{w) : {v,u) G 

£■ for some u G A^fc-i('U^)} for A; G N inductively, and N{w) = {Jkyo^kiw). It is clear that 
#iVfc(w) < and ^^(/i) < {2C)-''£^{h) for all > and G A^fc(w;). Then, for each w eY, 

oo oo 

^ivw(/i) = $^ 5^ 4(/i)<^C'=(2C)-X(/i) = 2^^(/i). (3.7) 

fc=o t)eAffc(u)) fc=o 

Suppose w eY and £w{h) > 5£D'{w)ih). Then, since 

^""{j^'L ^'^^'^ P^''^'^'^"£D'i^){hr'''^ G C{8), 
(!3.6p implies that £{F*h) < a2£gmi\^^m^-^{F*h), namely, 
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which imphes ^D'(«,)n*(l"+'"o)(^) < ^D'(,«)n{($(/")-5™o)\${/"+™o))(^) by (B3) (1) (a). In particular, 



Here, we used ()3.7|) and ()3.8p in the third inequahty and C3 := sup^g^^ max^g^n+mo ^{Afig{v) fl 
^n+mo^ is finite by (Al). Hence, the claim of the proposition holds with cq = 2026*3/ (1 + 202(73). 
□ 

Proof of Theorem \2.fA Fix h G {0,1,..., 60 — 1}- For each f & J-", we can take gm G 

'J-(^(^Jbom+b^^Jbom+b^^ g^p^ ^^^^ = / on Kgbom+t\^^jbom+t) and Q;,o,„+6(^™|l) = Qbom+b{f\L) 

by Lemma ITTI By using the relations ||5'm||jc- < c||/||jc-, £(gm) < ^(/) (by Lemma ITTjl . and 
9m ^ f /^-a.e., we will prove ^ / in as m ^ 00. Here, note that the constant c is 
taken independently of m, which derives from the fact that c depends only on d in the proof 
of Lemma ITTl We first obtain that Qm converges weakly to / in JF and limsup„_,oo £^((7^ — 
/) = lim sup^^o^ £:(5fm) - £{f) < 0. Therefore, ^(sfm - /) ^ as m ^ 00. By (Bl), 
9m- f - JKi9m - f) dfx converges to in L'^{K). Since \\gm - fWi^K) < c\\f\\^ + ll/IU2(i^), we 
have Jj^{9m — f ) dfi ^ as m ^ 00, which implies that \\gm — f\\L^{K) — > as m 00. Thus, 
fi'm — »■ / in J-" as m cxD. 



Let = gm-9m~i where we set g^i = 0. Then, / = E™=o U Since /, G ^(/''o^■+^ $(/^o^+^)) 
for i > j and fj G n{P'>^+\ $(PoJ+^)), we have £{fi, fj) = for i j, so that 




Therefore, in any cases, we have for w eY, 



£w{h) < '^2£^u;.(S'mi\$(/mi))u((Z)'(tu)n({<I>{/")-5'"0)\<I)(7" + '"0))).5'"l)(^) 

where ho = rriQ + mi and note that $(/"+^o) c $(/"+™o) ■ S""^ Then we have 



(3.8) 



£. 




00 




(3.9) 



m=0 
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Now, for each f G J-", 



1/2 



iE(^boi+b){Qboi+b{f\L))Y^'^ — iE(^boi+b){Qboi+b{gi\L))Y^'^ — [ E(boi+b) {'^Qboi+b{fj\L) 



0=0 



j=0 



j=Q 



i=o 



j=0 



(3.10) 



where we apply Minkowski's inequahty in the first inequahty, ()3.4|) in the second inequahty, 
and Proposition 13.81 in the third inequahty. 

Applying ()3.1()j) and noting that q;'^™"'^^ = p, we have 

oo oo / i \ ^ 



i=0 



i=0 



0=0 



i=0 \j=0 

oo OD 

j=0 j=0 

Here we used (13. 2p in the second inequality and (j3.9p in the last equality. Thus, we have 

oo 
n=0 

Combining this with Lemma EH] and (A8)', we have ||/|l|IaP (l) — ^sWfW^^ ^o that JF|^ c 

AJsI^) and {J^nC{K))\L C A^al^) n Noting that J^nC{K) is dense in due to the 

regularity of the claim follows by a simple limiting procedure. □ 

Remark 3.9. Even if (B4) does not hold, J^\l C A2^{L) hold. Indeed, for each / G and 
n G Z_|_, we have by Lemma f3. 51 

Therefore, we have 

1/2^ oo 



so the same argument as above gives the result. 



n=0 
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3.3 Proof of the extension theorem 

In this section, we assume (A1)-(A8) and (C1)-(C2), and prove Theorem 12.61 The conditions 
(CI) and (C2) will be defined below. 

In order to construct an extension map ^, we first define a Whitney-type decomposition 
and an associated partition of unity. Let fi*^"^ = |J,|^^q/™' for n E Z_|_. For w E = {0}, set 

= W\X2iI) and = W\^^^{I). For w E I"" with nEN, set = {X2{w)■W)\^^2{I''+'^), 

= M2{w) ■W,B^ = {M^{w) ■ W)\Mi{r+^), and B^ = U^{w) ■ W. Clearly C Kb^, 
C K^^, Ka^ n Kw\M+i\B,, = 0, and K^^ n = 0. 

By (A3), we see the following for w,w' E IJnez+ 

cia-l"-! < d(L, KbJ < C2«-I"'l if B^ ^ 0, (3.11) 
there exists / > such that if \w'\ > \w\ + I then n a =0. (3.12) 

For nEN and w E we set 

A{n) = I 1^1 < ^ fjin) ^ / if 1^1 < ^ 

\ if = n ' \ 5^ if |w| =n ' 

and i?^^^ = {w' G : H K„(„) ^0}. We assume the following. 

(CI) There exists a finite subset F of IJneN({^} ^ ^'■"■') such that, for any nEN and 
w E there exist (m, f) G F, a bijection i: i?^^'' ^ Ri"^\ and a homeomorphism 

F: K. . „(„) ii", I „(m) satisfying that for every u E Rw^ , A^^ and A^"^\ are of 

the same type and so are bIT^ and B^^y for the homeomorphism F. 

-(m) ^ . , , (m) , . _(m). 



For each (m, f) G F, take a function v^l; G n C{K) such that < < 1, (x) 

:^(™), and <^lr\x) = on ir^|,|+i^^(„ 



on -ft'.(m), and ip^\x) = on (m). Such a function exists since {SjJ-') is regular. For 



n G N and G define y^i^ (a;) = <| '''' , where m, f and F are given 

1^ otherwise 

in (CI). We assume 

(C2) (^L"^ EJ^n C{K) for every n G N and G fi^"). 
For 77, G N and w E define 



E(") / 'x 



X E K. 



This is well-defined since the sum in the denominator is not less than 1. is continuous and 
takes values between and 1. Since (p^'^ E T and vanishes outside of K so does iplv'^. For 

each / G A^2(^) n C{L), define 
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/(s)rfz/(.) 



is a linear map from A^_2(^) ^ C{L) to n C{K). For xe K\L, ^("^/(x) is independent 
of n if n is sufficiently large because of ()H.12j) . Therefore, for / G A2 2{L) fl C{L), 



lim ^(")/(a;), xeK\L 

n~>oo 



(3.13) 



is well-defined and ^''"'•*/ converges to ^/ yU-a.e. 



Proof of Theorem, \2.f)\ We first prove that ^/ is continuous on K. Since ^/ is continuous on 
K\Lhy the construction, it is enough to show for each xq & L that 



lim^ U'{x) = f{xo) 

x&K\L 



(3.14) 



Since / is uniformly continuous on L, if we set uJa{f) = sup{|/(s) — /(t)| : s,t E L, d(s,)f:) < a] 
for a > 0, then lima^oi^a(/) = 0. Let xq E L, x E K \ L, and 6 = d(a;,a;o). Suppose that 



w 



G U„GN^" satisfies x G Kb^. Then, cia"!'"! < d(L,irBj < d(xo. 



x) = 5 by dSIH). Next, 
take y G Lw and choose 2; G -f^s^ that satisfies ci(?/, z) = d{y,KB^) < C2a;~l'"l. Then, since 
diam(i^'B^) x a"''"', we have 

d(z/, xo) < d(y, z) + d{z, x) + d(x, xq) < csa"!'"! + csa"!'"! + 5 < 04^. 

Therefore, ^ \f{y) — f{xo)\dh'{y) < ujc^s{f). Now, take n sufficiently large so that x ^ 
U^,,„i^^^. Then, e(")/(x) = e/(x) and 



\U{x)-f{xo)\ 



< 



< Wc45(/)- 



Thus ()3.14j) is proved. 

Next, we will prove {C''"^/}neN is bounded in JF. Noting that j^ipw\x) dfi{x) < c^a^'^f^'^^ 
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for all n G N and w G for some C5 > 0, we have 

2 



C5E«^'"'^^'II/Ili^(^,^) 

fc=0 

Y^^WnW.y (3.15) 
Forn G N, w G with m = let R^^^ = [j p„(„) f • J'"+'-l^l C where / is provided 



< 



in (jTT^ . For 51 G ^^(L, z/), we define 



n) 



u < > t; 

Both Ew\g) and Ew\g) are determined only by the values {Qm+ig{u)}^^j^in). If Ew\g) = 0, 

then Qm+ig is constant on which implies that Ew \g) = 0. Therefore, there exists ci^^ > 

such that < ci''^£;^"^(^) for every g E J-". Due to (CI) and Lemma 13.31 there exists 

some Cg > such that Ei^\g) < Cep^'"^E^\g) for all n G N, w G Jl^") and ^ G J^. It also holds 

that there exists C7 > independent of m such that X]«,e/™ (fi') — cjEi^m+i) (Qm+ig) for all 
n and G L'^{L, u). Then, we have 



n n 

< C6 E E P"^^i"n/) < C6Cr E P'^E^m+DiQm+lf) 

m=0 wel'^ m=0 
00 

< csEp^^mW-/)- 



m=0 



Since a^/^-rf = = ^e obtain S{^^"'^f) < CgH/H^ by Lemma ITTl 

By combining this with ()3.15p . {^^'^^/jneN is bounded in JF and we conclude that E 
and II^/IIjf < C9||/||^^^(^) for some cg > 0. 

Next, take any A2 2(-^^)-Cauchy sequence {/„}„eN C A.22{L) ^ C'(L) and let / G A.22{E) be 
the limit point. By the above result, {^/n}neN C ^ fl C{K) is a £^i-Cauchy sequence. Let 
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(7 G be the hmit point. Since = /„ and a subsequence ^fn^. converges to g q.e., g\L = f 

z/-a.e. Thus, ^ can extend to a continuous map from 2(-^^) to such that ^f\L = f i^-a.e. for 

/ e Ai,iL). □ 

Remark 3.10. Let {Lj}™^ be a finite number of self-similar subsets of K where each Lj is 
constructed by the same number of contraction maps and satisfies (A2), the second identity of 
(A4), (A7), and (A8) in Section 2. Let L = UI^li With suitable changes for A^, etc., 
we can consider conditions (C1)*-(C2)* as the corresponding (C1)-(C2). Define K22{L) as in 
Definition 12.41 Then, under such conditions. Theorem 12. 61 is still^lid, i.e. there is a linear map 
i from Af 2(^) to T such that ^(Ajal^) n C(L)) C n ), ^/II = / and 

m 
i=l 



4 Complementary results 

In this section, we give sufficient conditions concerning (A8) and (B3), and discuss a suitable 
choice of Ta for A C W^. We first define fractional diffusions in the sense of j2j Definition 3.5. 

Definition 4.1. Let (X, d) be a complete metric space where d has the midpoint property; for 
each x,y & X, there exists z E X such that d{x,y) = d{x,z)/2 = d{z,y)/2. For simphcity, 
we assume diamX = 1. Let /i be a Borel measure on X such that there exists df > with 
IJ,{B{x,r)) X r'^f for all < r < 1. A Markov process {Yt}t>Q is a fractional diffusion on X if 

1) y is a yU-symmetric conservative Feller diffusion, 

2) Y has a symmetric jointly continuous transition density pt{x,y) {t > 0,x,y G X) which 
satisfies the Chapman-Kolmogorov equations and has the following estimate, 

cit-'^f^'^- exp(-C2(d(a;, yf^r^y/id^-^)) < p^^^, y) 
< c^r'^f^'^^ exp(-C4(d(x, for all < t < 1, x,y e X, 

with some constant c?^ > 2. 

Proposition 4.2. (A8) holds for the following three cases. 

1) There exists c > such that < c||/||jc- for all f E T . 

2) The diffusion process corresponding to {S,J^) is the fractional diffusion and (A7) holds. 

3) K CW, (A7) holds, and T = At^^K). 

Proof. Suppose that 1) holds. Then, for any nonempty set D of K, Cap(D) > c~^. Therefore, 
iy{D) < 1 < c2 Cap{D). 

The proof when 2) holds is similar to Lemma 2.5 of [5', but we will give it for completeness. 
Let gi{-,-) be the 1-order Green density given by 



/ e-'f{Xt)dt = / gi{x,y)f{y)dfi, 
Jo J Jk 
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for any Borel measurable function /, where {Xf} is the diffusion corresponding to {£,T). Then, 
since {Xt} is a fractional diffusion, we have 

( cid{x,yY^-^f if df > d^, 

giix,y) X I -C2\ogd{x,y) + C3 if dj = d^, (4.1) 
[ C4 if df < dyj. 

See |2j Proposition 3.28 for the proof. If df < d^, then points have strictly positive capacity, 
and the result is immediate. We prove the result for df > d^: the proof for df = d^ is similar. 
It is well-known that for each compact set M G K, 

„ / , f / , ,x m is a positive Radon measure, supp m C M, 1 . , 

Cap(M) = sup < miM) : ^ / f c t \ t i \ ^ ^ c ( ■ (4-2) 

Gim[x) = J gi[x,y)m[dy) < 1 tor eveiY X G K J 

Using the above estimates of gi{-,-), 

/ 9i{x,y)u{dy) < / gi{x,y)u{dy) <^ gi{x,y)u{dy) 

J M J K Ja~"-i<d(a;,j/)<a-" 

< a"^'^^~'^™V(a-"-i < d(x, y) < a"") < cg ^ ^Md^^d^-d) ^ ^7 < 00, 

n n 

because of the assumption df — d < dw Thus, setting vm{.-) = '^(' H M), we have GiVm < C7. 
Using (Q, Cap(M) > u{M)/c7 for each compact set M. 

For 3), we will use the results by Jonsson-Wallin in JH] and by Triebel in j^H]- Denote 
the Lipschitz and the Besov spaces in the sense of Jonsson-Wallin by LipJ^r{a,p,q, K) and 
B^^j^{K) (see page 122-123 in |16^ for definition). Note that Lipjyy{a,p, q, K) C B^^'^j^iK) 

and they are equal when a ^ N (page 125 in ^). For each / e A'}^J^^{K), (/, 0, . . . , 0) G 
Lipjj^((i^/2, 2, 00, K). Thus, using the extension theorem in page 155 of [1B|, we have 

At:i\K) C Lip^^(d^/2,2,oo,i^) C Bi^^. j^iK) C A^'°°(M")k, 

where 7 = {dw+n—df)/2 and A?^'''(R"') is a classical Besov space on W^. Now, since d^—df > —d 
(due to (A7)), A2'°°(R") C A(;^_^)/2(^")- Finally, by Corollary 18.12 (i) in [SH], we have 
tr^ A(;^_^^/2(^") = ^^(^' (Note that this trace in the sense of Triebel is simply restriction 
and there is no corresponding extension.) Combining these facts, we have J^\l C L^(L, z/), 
which means ||/|L||L2(L,jy) < C9||/||jc- for all j ^ T . Therefore, (A8)' holds. □ 

We now make one concrete choice of Ta for A C W™' and show that such a choice is 
suitable for Dirichlet forms whose corresponding processes are the fractional diffusions. By 
(A5), (A6), and the self-similarity of /x, for any w G UnGZ+ there exists c > such that 
Cap(i5) < cCap(F^(L')) for any D d K. We assume the converse as follows. 

(A*) For any w G IJnez+ there exists c > such that Cap(F^(i5)) < cCap(D) for any 
D gK. 
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For a subset A of W"^ for some m G N, we say that a collection {fw}w(^A of functions in is 
compatible if fy{F~^{x)) = fw{F~^{x)) q.e. on fl for every v,w & A. Note that this is 
well-defined by (A*). Define 

JF4 = {/ G L?{Ka, lJi\KA) ■ Fwf ^ ^ ^01 all w e A and is compatible}. (4.3) 

If we equip A with a graph structure so that v & A and w & A are connected if Cap(i^,, flK^u,) > 
0, then A is £^-connected when A is a connected graph. This is verified by using (Bl). 

Lemma 4.3. For A C W"^ with m G (Saj^Fa) is a strong local Dirichlet form on 

L'^{Ka,Ii\ka)- 

Proof. Let {/„}„,eN C J-'a be a Cauchy sequence in JF4. Let be the limit in L'^{Ka)- Let 
w G v4. Since {F^fn\nm is a Cauchy sequence in JF, — > F^g in JF. It is also easily 
deduced that {F^g}u,^A is compatible. Therefore, g G JF4 and /„ — > in JF^^. This implies 
that [Eai^a) is a closed form on L^(i^^). The Markov property and the strong locality are 
inherited from those of {S,J^) via relation ()2.2|1 . □ 

Corollary 4.4. Assume case 1) or 2) m Proposition \4 . ^ Then, (A*) holds. 

Proof. In case 1), non-empty sets have uniform positive capacities, which implies (A*). In 
case 2), (A*) is an easy consequence of ()4.1|) and ()4.2p . □ 

In the rest of this section, we will discuss sufficient conditions for (B3). 

Lemma 4.5. Let A C Wm, G Then, Ta is compactly imbedded in L'^{Ka, fJ'lxA) ■ 

Suppose that A is £A-connected. Then, when we set A = {f E J-'a '■ /^^ f df^ = 0, ^A^f) < C} 
for a constant C > 0, A is bounded in Ta- 

Proof. Let S be a bounded subset of Ta- For each t> G A, {F^f : / G i3} is bounded in T . By 
(Bl), we can take a sequence {/n}neN from B such that F^fn converges in F^iK). Therefore, 
we can take a sequence from B converging in L'^{Ka)- This implies the first assertion. 

By combining this with the £^^-connectedness of Ka, there exists c > such that ||/ — 
■f^^ f '^/^||^2(^^) < cEA^f) for every / G Ta- The latter assertion follows from this immediately. 
□ 

We now give a sufficient condition for (B3) (2). 

Proposition 4.6. The following condition (EHIl) implies (B3) (2). 

(EHIl) For any v E E, there exist some Ci > 0, subsets D"{v) and D"'{y) of D'^^v) such 
that D"'{v) C D"{v) C D^{v), Kd"(v) n = H}, K n KsM\^,^y) = and 

esssup^g;^ ,„ h{x) < Ci essinf ^gx^„ h{x) for every h G ?i(D''(f)) with h>0 fj,-a.e. 
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Proof. First, we apply Lemma 13.71 to g E with A = D'^{v) and J = 0, and denote g' there 
by Hg. We will follow the proof of Theorem 2.2 in [L3^. For h G T-C{D^{v)) with h > /x-a.e., 
we have, by (EHIl), 

esssup h{x) < ci essinf h{x) < C2||/i||l2(^^„ ). 

For /i G T-C(D'^[v)), let = max{/i(x),0} and h^{x) = max{— 0}. Since h = Hh = 

Hh^ — Hh_ and if/i-t > yU-a.e., we have 

esssup \h{x)\ < esssup Hh^{x) + esssup Hh^{x) 
xei<:^///(„) xe_fCo///(^j a;ex^,//(„) 

< C3(||/l+||^^„(^, + ||/^-||^^„(„,) 

< 2C3||/.||^,,,^,. (4.4) 
In order to prove (B3) (2), it suffices to prove the following. 

(*) If a sequence {hi} in l-L{D^{v)) converges weakly to in J-'d»{v), then there exists a 
subsequence {h^k)} such that F*hi(^k) converges strongly to in JF. 

Indeed, suppose (*) holds. Let {fm} be a sequence in T-C{D^{v)) that is bounded in J-'D»(^y). We 
can take a subsequence {fm{i)} and / G J^Di{v) such that /^(z) converges weakly to / in J^£,^{v)- 
Take gi G 7Y(D^(w)) such that gi ^ f in J-'d»{v)- Applying (*) to hi := fm(i) — gu "we can take a 
sequence {l{k)} diverging to oo such that F* fm(i(k)) F*f in JF. This implies (B3) (2). 

In order to prove (*), recall the notion of the energy measure. For / G JF fi L°°{K), the 
energy measure /x^j) is a unique positive Radon measure on K such that the following identity 
holds for every g E J-' H C{K): 



[ gdf,^f^=2S{fJg)-S{f,g). 
Jk 



Now, by dOI), C := esssup2.g;^ is bounded in /. Define hi — ( — C) \/ hi A C. Since 

^Di{v) is compactly imbedded in L'^{KDt{v)) by Lemma 1^31 {hi} converges to in L^{Kdi(^^-^). 
Take a subsequence {hi'} converging to /i-a.e. on KDtf^^y Since {S,J-') is regular, we can take 
ip E J-' n C{K) such that 0<ip<lonK,ip = loia K^, and ip = outside K£)ii'(^yy We have 

Q = 2£{hi,,hi,ip) = 2£{hit,hitip) = £{hl,ip) + j v^ci/z^^^,^, 

because hi'ip vanishes outside Konn^^y Note that S{hf,) < AC'^£{hii), which is bounded in A 
suitable subsequence hin can be taken so that {hj,,} converges weakly to some g in JF. Since 
= on i^'£,ti(„), S{hf„, (p) — > £{g, y?) = as /" oo. On the other hand. 



K 

P^''^f^iFfH„)iK) = 2p\^\8{F:hv,) = 2p\^\8{F:hv,). 
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Combining these estimates, we obtain lim;//^oo ^(-P'J'^i") < 0. Therefore, F*hiii converges to 
in JF. This proves (*). □ 

We next give sufficient conditions for (B3) (1) (b). 
Proposition 4.7. The following conditions imply (B3) (1) (b). 

(1) = h.{^{K) for some /3 > 0. 

(2) For each G S, D'{v) is Eo'iv)- connected. 

(3) For each w G Unez+ ' there exist subsets D\w), D^^\w), D^^\w) of D'{w) such 
that D\w) C D^^\w) C D^^\w) C D'{w) and the following hold. 

(a) There exists f G S such that both D'(w) and D'(v), and D\w) and D\v), are of the 
same type by the same map F . 

(b) Kj^^^) n -ft'5|u,|\_D(i)(«;) = Kd(^){w) I~1 Ks\^'\\D'{w) = 0- 

(EHI2) There exists c > such that esssup^g^ h{x) < cessinfi.gx^^^j^ ^ h{x) for h G 
HiD'^^^w)) with h>0 fx-a.e. 

Proof. Let g he a function in JF such that ^ g dfj. = and p^^^££,i(^w-j{g) < 1. Let 
/(x) = g{F-^{x)), x G i^D'Ct,)- Then, / G JF^'(^), Jj^^^^^^fdp = and pl''l£:D'(i,)(/) < 1- 

By Lemma 1131 < C, where C is a constant independent of w. Suppose moreover 

that g G /^'(w)). Apply Lemma IT7I to g with A = D'^'^^w) and J = and denote ^' 

there by gi. Let = 9 ^ 9i- By (EHI2) and the same argument in the ffist part of the proof 
of Proposition 14. 6^ gi is bounded on D'^^\w). Take a function ip E J-' such that < ip < 1, 
ip = on Kg\^\\jj{i)(^^-j and ip = 1 on Kj^if^^y Then, giip G T. Since both giip and (72 vanish 

on ir5iH\z>(^)H, when we set /'(a;) = | (9i^ + 92){F-\x)), a; G ^^^'W^^^^^ , belongs to 

by using the fact T = A2j^{K). Since /' = / on _ft'£)tt(j,), we have /' G H{I^'"^ , D^{v)) and 
= < C*- These conclude the assertion. □ 

5 Examples 

In this section, we choose JF^ as in ()4.3|) for A C W"^. 

1) Sierpinski gaskets: Let {oq, } C M" be the vertices of n-dimensional simplex. Let 

W = S = {0,1, . . . ,n} and let Fi{x) = {x - a^) /2 + for x G M" and z = 0, 1, . . . , ra. Then the 
unique non-void compact set K which satisfies K = ljr=o ^ii-^) n-dimensional Sierpinski 

gasket. The map $ in Lemma [2. II is the identity map. It is well-known (see [SHEll^ etc.) that 
there is a self-similar Dirichlet form {S, JF) on L'^{K, fi) where the corresponding diffusion is the 
fractional diffusion. In particular, JF = A2^^(-ft') C C{K) where d^j = (log(n+3))/(log2). Note 
that dw — df > in this case. Let L be the {n — l)-dimensional gasket determined by {Fi}^~Q. 



24 



That is, / = {0, 1, . . . , n — 1}. Let I = I, M = 1. It is easy to see that JF4 = J-'\ka each 
A C W"". Then (Al)-(A7), (B2), and (C1)-(C2) are easy to check with p = {n + 3)/(n + 1). 
(A8) holds by Proposition O and (Bl) holds by [IE] Lemma 3.4.5. For (B3), define /q = 0, 
mo = 0, D'{w) = {w} for w G Unez+ - = and D^{^) = {0}. It is easy to check 
(B3) (1) by using Lemma ITT?! and Lemma US Since TCd'{w){D'{w)) is a finite dimensional 
space, (B3) (2) is clearly true. We will prove (B4). Let / e ^ and £s^\i"^{.f) = for some 
m G Z+. Then, for each w G S'"^ \ /'", S{F*f) = p^^-E^i^f) = 0. Therefore, / is constant on 

for each w G \ I^. We consider an unoriented graph with a vertex set V = \ 
and an edge set {{v,w) G V x V : Cap(ii'„ fl K^) > 0}. Then, V is a connected set. Note 
that (f , w) is an edge if and only if fl 7^ 0. Therefore, / should be constant on Ksm\jm, 
thus constant on \ L. This concludes that (B4) holds. Therefore, we have by Theorem 12. 5t 
Theorem 12.61 and Remark i'2.7\ 

T\ \P fT\ V, Q log(l + l/n) 

J^\l = AUL) where P = -- ^^^^^ . 

When n = 2, this relation was obtained in [T3] . 

2) Pentakun: Let = g^'^v^^/^+v^Va ^ C, k = 0,1,2,3,4. Let W = {0,1,2,3,4,5,6}, 
S = {0,1,2,3,4}, I = i = {2,3,5,6} and M = 1. Let = {Gfc}Lo with : C C 
defined by Gk{z) = e^^^^'^l^z. For i = 0,1,2,3,4, define a contraction map Fj : C — C by 
Fi{z) = a~'^{z-ai)+ai, where a = We also define F5 = FaoGi and Fq = ^306*4. Then, 

the resulted nested fractal K is called Pentakun and a subset L is a Koch curve (see Figure 1). 
The Hausdorff dimensions of K and L are (log 5) / (log a) and (log 4) / (log a), respectively. There 
exists a canonical Dirichlet form on L'^{K,p) where the corresponding diffusion is the 

fractional diffusion (see H d etc.), so = Ai^J^^iK). It is known ( see ^19J) that d^j 



(log 2 w^ check all the assumptions similarly to the case of the Sierpinski 

gasket. Note that C2 given in (B2) (4) is equal to 4. Thus, by Theorem 12.51 Theorem 12.61 and 
Remark \2.7\ 

= 2(^) where f] = - 

2 2 log a 

For the Pentakun K, let I' = {2, 3}. Then the corresponding self-similar subset L' is a Cantor 
set with Hausdorff dimension (log 2) /(log a). In this case we should set / = {2,3,5,6}, so 
J 7^ J. Again we can check all the assumptions similarly, so by Theorem 12. 5^ Theorem 12.61 and 
Remark 12. 7| 

Ti fr'\ 1. log5-log2 

= A^2,2\L ) where P = — . 

2 2 log a 

In general, if i^' is a nested fractal satisfying (A3), then there is a canonical Dirichlet form 
on L'^{K,p) where the corresponding diffusion is the fractional diffusion (see [3 CHI ES] etc.). 
Let L be a self-similar subset of K given in the manner in the first part of Section 2, and 
satisfying (A2). In most cases, all the assumptions except (B4) can be checked similarly to the 
case of the Sierpinski gasket, so that we can use Theorem 12.51 and Theorem 12.61 to characterize 
the trace space if (B4) holds. However, there are cases where (B4) does not hold - see 4). 

3) Sierpinski carpets: Let Hq = [0, 1]'', n > 2, and let / G N, / > 2 be fixed. Set Q = 
{^?=i[{ki - 1)//, ki/l] ■.l<ki<l, A;i G N (1 < ^ < n)}, let iV < /" and = 5 = {1, . . . , N}. 
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Let Fi, i G S he orientation preserving affine maps of Hq onto some element of Q. We assume 
that the sets Fi^Ho) are distinct. Set Hi = IJ.^j- Fj(ifo)- Then the unique non-void compact 
set K which satisfies K = [jf^i Fi{K) is called the generalized Sierpinski carpet if the following 
holds: 

(SCI) (Symmetry) Hi is preserved by all the isometries of the unit cube i^o- 
(SC2) (Connected) Hi is connected. 

(SC3) (Non-diagonality) Let i? be a cube in Hq which is the union of 2" distinct elements of Q. 
(So B has side length 2l~^.) Then if Int(ifi fl B) is non-empty, it is connected. 

(SC4) (Borders included) Hi contains the line segment {x : < Xi < 1, X2 = • • ■ = a;„ = 0}. 

Here (see jB]) (SCI) and (SC2) are essential, while (SC3) and (SC4) are included for technical 
convenience. The Sierpinski carpets are infinitely ramified: the critical set Ck in 1)2.11) is an 
infinite set, and K cannot be disconnected by removing a finite number of points. 

It is known (see jBHHI^ etc.) that there is a self-similar Dirichlet form {S,J^) on L'^{K,fi) 
where the corresponding diffusion is the fractional diffusion. In particular, JF = h.^^ (K) where 



= (log piV)/ (log /), p given in (A5). Let (S = {the identity map} and L = ([0, l]"-^x {0})nir 
(cf. Figure 1). Let I = {i e S : Fi{K) n L 7^ 0}, A^/ = #J, and assume 



For simplicity, we assume that the {n — l)-dimensional Sierpinski carpet L also satisfies the 
conditions corresponding to (SC1)-(SC4). Then, (Al)-(A6) and (C1)-(C2) are easy to check 
with M = 1. (A7) holds by dHl), because j3 = - {df - d)/2 = {log pNj)/ (2 log I). 

(A8) holds by Proposition 14.21 It is known that the corresponding self-adjoint operator has 
compact resolvents (see |3l IH EI] etc.), so (Bl) holds. Letting J = /, we can check (B2). For 
w G /'", m G Z+, let Xo{w) G [0,1]*^ be the center of and Ak{w) the intersection of K 
and a cube in MJ^ with center xo{w) and length {2k + l)/""* for A; G N. In order to assure 
(B3), assume for the moment that there exists some k > 6 such that Ak{w) is connected for 
all w G Umez+ Let Iq = {2k + l)n and take mo G N such that Z™" > 2fc + 1. For each 
w G /'^+'"o, m G Z+, take D"'{w) C D"{w) C D^{w) C D'^^^w) C D'^^^w) C D'{w) so that 
Kd"'{w) = Ai{w), Kr)"(nj) = A2(w), K^t(w) = ^{w), = A4(w), -K'd(2)(u,) = ^5{w), and 

Kd'(w) = Ajt(w). With the use of Proposition 14.61 and Proposition 14. 7[ (B3) can be checked. 
Here, the Harnack inequalities (EHIl) and (EHI2) are assured by OIHI^. To be more precise, 
let K = IJx6{-io}"(-^ + which is a subset of [—1, 1]". Then, one can construct a Dirichlet 
form on K whose corresponding diffusion is the fractal diffusion in the same way as in [HI IH 1^ • 
Indeed, K has enough symmetry for the coupling arguments in ||3j to work. In this way, the 
Harnack inequalities (EHIl) and (EHI2) are assured. If for each k, there exists w G IJmez+ ^"^ 
such that Afc(w) is not connected, then take the connected component of Ak{w) including K"^ 
in place of Ak{w) and discuss similarly as above. By the covering argument, we can check (B3). 
(B4) is confirmed by an argument similar to the case of Sierpinski gaskets. Thus, we have by 
Theorem 12.51 and Theorem 12.61 



pNi > 1. 



(5.1) 
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Note that when d[0, 1]" C K, then < /? < 1, so dSH)) holds and = ^■2,2{L) by Remark IT71 
Indeed, let K2 = [0, 1]" and Ki be a generalized Sierpinski carpet in M" with d[0, 1]" C Ki, 
which is determined by {Fiji where Fi([0, 1]") n d[0, 1]" ^ for all i. Clearly, Ki C K C K2. 
For each i^j, one can construct the self-similar Dirichlet form. Let pi be the scaling factor given 
in (A5). By the shorting and cutting laws for electrical networks (see [S]), P2 < P < Pi- Then, 
P2 = /^"^^ and 

2 1-2 I 

¥^ ^ /"-I - (/ - 2)"-l -P^- ln~l _ (/ _ 2)"-l ' ^^-^^ 

due to (5.9) in 0. Since L = [0, 1]""^ x {0} and Nj = V''^ in this case, we have pNi > P2N1 = 
Z > 2, so dSH) holds and p > 0. Using (1^ . 

pA^/ < piNj < - — ^ — - < l^, 

where the last inequality is a simple computation. Thus (3 < 1. 

4) Vicsek sets: Let ai = (0,0), 02 = (1,0), ag = (1,1), 04 = (0,1), 05 = (1/2,1/2) be points 
in and define Fi{x) = {x — aj)/3 + for x G and i = 1, . . . , 5. The unique non-void 
compact set K which satisfies K = [J^^i is the Vicsek set. As in the case of 1), there is 

a self-similar Dirichlet form {S,J-') on L'^{K,p) with p = 3, where the corresponding diffusion 

d /2 

is the fractional diffusion. In particular, = A2'^ (K) where = (log 15) /(log 3). Let L be 
the line segment from (0,0) to (1, 1). Then, (B4) does not hold. In this case, the trace of the 
Brownian motion on the Vicsek set is the Brownian motion on the line segment. Indeed, one 
can easily check condition (Hi) — {H^) in Section 8 of [S] on the 1-dimensional Sierpinski gasket 
which is the line. So, by [B] Theorem 8.1, one sees that the trace of the Brownian motion on 
the Vicsek set is a constant time change of the Brownian motion on the line. Thus, 

which is larger than Al2{L)- This shows that (B4) is necessary for Theorem 12.51 



6 Application: Brownian motion penetrating fractals 

In ^21; one of the authors constructed Brownian motions on fractal fields, a collection of fractals 
with (in general) different Hausdorff dimensions (see also PD])- They are diffusion processes 
which behave as the appropriate fractal diffusions within each fractal component of the field 
and they penetrate each fractal. In a restricted assumption (Assumption 2.2 in [12j) was 
needed to construct such processes because we did not know the corresponding function spaces. 
Our result in this paper can be applied here and we can construct such penetrating diffusions 
without the restricted assumption. 

Let Aq be a countable set and let {Kiji^j^^^ C M" be a family of self-similar sets together 
with strong local, regular, and self-similar Dirichlet forms {SKi,^Ki) on L'^{Ki, pi), where Ki 
and Pi lie in the framework of Section 2. We also regard pi as a measure on R" by letting 
Pi{R^ \ Ki) = 0. We set G = [Ji^^, Ki. 

Let Ai be another countable set and let {Dj}j^Ai C M" be a family of disjoint domains in 
\ G. Denote the closure of Dj in by Kj and the Lebesgue measure restricted on Kj by 
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fij. Define G = GU (UjeAi ^j)- ^ called a fractal field generated by {Ki}i^Ao and {Dj}j^Ai- 
(When G is connected as in the introduction, we also call G a fractal field or a fractal tiling.) 

Denote by A the disjoint union of Aq and Ai. For i,j^A with i ^ j, let Tij = KiCi Kj. 
Define T = \Jij^A,i^j ^ij- x eT,let := {i e A : x e Ki} and define := [Jij^j^^i-^j Tij. 
Throughout this section, we impose the following assumption. 

Assumption A (1) For each compact set C C M", G A : C fl 7^ 0} < oo. 

(2) For each i & Ai, Ki\ Di is a null set with respect to the Lebesgue measure on M". 

For each i e Ai, define V{SkJ = {u e Co(^i) : u\d, G W^''^{Di)} and 

gj^^{u,v) = ]- / (Vm(x), Vt;(x))Kn (ix, for u,v eV^Sx^). 

Then, (i^/^., T'(£^/^.)) is closable on L'^{Ki,fii). Its closure will be denoted by {Exi^J^Ki)- It is 
easy to see that {Exi^^Ki) is a strong local regular Dirichlet form. 

For X G r and i G J^, define /^j;,^ = d^{Ki)/2 - {df{Ki) - df{N^ n Ki))/2. Here, d^{Ki) is 
defined in (A7) for {Exi.J^Ki) if ^ G and dw{Ki) is defined as 2 if z G Ai, and df{Ki) and 
df{Nx n i^'i) are the Hausdorff dimensions of i^'j and H /Tj, respectively. 

We will also assume the following throughout this section. 

Assumption B (1) For i G Aq, {Exii^Ki) is a strong local regular Dirichlet form on L'^{Ki, fii) 
which satisfies (Al), (A3), the first identity of (A4), (A5), and (A6) in Section 2. 

(2) For each x G F and i & Jx Ci Aq, Ci Ki is a finite number of union of compact self-similar 
sets {Lj} that are constructed by the same number of contraction maps and each of which 
satisfies (A2), the second identity of (A4), (A7), and (A8) in Section 2. Further, (C1)*-(C2)* 
in Remark ITTni holds with K = Ki and L = A^ n K,. 

(3) For each x G F and i G H Ai, A^ fl Ki is a closed Alfors (i^,j-regular set with some dx,i. 

(4) For every x G F, (3x,i > for all i G J^, and the set A^; := {/ G Co(A^) : f\N,nK, e 
Af2"(A^x n Ki) for all i G J^} is dense in Go{Nx). 

We will give several remarks. When i G Ai, we have df{Ki) = n and df{Ki fl A^.) = d^^i. 
The set A^,. is closed under the operation of the normal contraction; V / A 1 G A^. for / G A^. 
If A^ itself is an Alfors regular set and px,i e (0, 1) for all i G J^, then A'^p'''^ ^"''(A^.) nCo(iVa.) 
(which is a subset of A^,) is dense in Cq^N^) by Chapter V, Proposition 1 in |Tn| and Theorem 3 
in j27]. The condition Px,i ^ (0, 1) holds, for example, if i G A^. n and d^^i G (n — 2,n), 
because then Px,i = 1 — (n — dx^i)/2 G (0, 1). 

Define a measure /i on G by /i = Xlievi/^*- define a bilinear form {£,V{£)) on 

L'^{G,fl) as follows: 

S{u,v) = ^SkXu\k,,v\k,) hi u,v eV{S), 

V{£) = {ue Co{G) : u\k, G J^k, for alH G A and £{u, u) < 00}. 
Then, the following is easy to check. 
Lemma 6.1. (1) {E.Vi^E)) is closable in L'^{G,fl). 
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(2) T>{S) is an algebra. 

(3) For i & A, X & Ki, and for U{x) which is a neighborhood of x in Ki, there exists 
f G J^K, n Co{Ki) such that f{x) > and supp / C f/(x) fl Ki, where supp / denotes the 
support of f . 

Now, let {£,^) be the closure of {£,V{£)). We then have the following. 

Theorem 6.2. {S,J^) is a strong local regular Dirichlet form on L'^{G,fi). 

Note that the strong local property of {S, JF) can be easily deduced from those of the original 
forms on {Ki}i^A- Therefore, it is enough to prove the regularity of {S, JF). For the proof of it, 
the key part is to prove the following. 

Proposition 6.3. (1) For each x ^ y & G, there exists g G "D^S) such that g{x) ^ g{y)- 
(2) For any compact set L in G, there exists f G T>{S) such that / = 1 on L. 

Once this proposition is estabhshed, it is easy to prove the regularity of (S,^) (see [12]), 
so we will only prove the proposition. 

Proof of Proposition \6.S[ Let B{x, r) denote the open ball in M" with center x G and radius 
r. When either x or ?/ is in the compliment of F, then (1) is clear by Lemma Ifi.ll (3), so we 
will consider the case x,y eT. By Assumption A (1), < oo. Since each Kj is closed, by 
Assumption A (1), there exists > such that -B(x, r^.) n Kj ^ ^ if and only if j G Jx, and 
y ^ B{x,rx). Since A^, is dense in Co{Nx) by Assumption B (4), there exists m G A^, such that 

u\B{x,r^/2) = 1 and 'u|B(x,3r^/4)= = 0. 

Now, by Assumption B (1), (2) and the extension theorem (Remark I3.1()|l . for each i G 
Jx n Aq, there exists iti G JF^-. fl G{Ki) such that Ui\N^nKi = u. For each i E Jx Ai, since 
Nx n Ki is a. closed Alfors d^^^j-regular set, we have 

W'^^R^UnK. = Aj-("-'^-)/'(Ar, n K,) (6.1) 

(see [^). By carefully tracing the proof of the extension theorem in ()6.ip . we see that there 
exists Ui G iy^'^(M") fl Co(M") such that Ui\N^nK^ = u (see, for instance, pages 77-78 in [20] )■ 
For both cases, since {Sk,,J^k,) is regular, by multiplying a function in J^Xi H Go{Ki) which is 
1 in B{x,3rx/4:) and outside B{x,rx), we may assume supp-Uj C B{x,rx). Define g G Gq{G) 
9\Ki = Ui for i E Jx and g\Ki = otherwise. Then, g G T>{S), g{x) = 1 and g{y) = 0. We 
thus obtain the desired function. 

The proof of (2) is quite similar, so we omit it (see Proposition 2.6 (2) in jI2])- □ 

Denote the 1-capacity associated with (£^;<-., JF^.) and (S,^) by Cap^. and Cap^^, respec- 
tively. By definition, it is easy to see that u\k, G JF^. for any i E A and u E J^. Further, 
Cap^^(i/) < CapQ(i7) for any i G A and H C Ki. For i G A, let J^k[ = {/ ^ ^k, ■ f = 
q.e. on F} and jFj = |/ g JF : / = q.e. on UjgA\{j} -^i } ; where / is a (corresponding) 
quasi- continuous modification of /. 

We will denote by {{Xi,}t>o, {Px}xeG) diffusion process corresponding to (S,^). The 
following proposition shows that {Xt} behaves on Ki in the same way as the diffusion process 
associated with {SxijJ^Ki) until the process hits F. 
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Proposition 6.4. {Sk,,^k') one? {S,J-'i) give the same Dirichlet forms on L'^{Ki, ^i\Ki\r) , by 
identifying the measure space {G, fii\Ki\r) with {Ki, fii\Ki\r) ■ In particular, the corresponding 
parts of the processes on Ki\T are the same. 

Proof. It is easy to see that / G JFj satisfies tliat /li^-. G Tk[^ so we will prove tlie converse. 
Let / G J^K'- By Tlieorem 4.4.3 of 10], we can take an approximation sequence of / from 
J^K[ n Cq^Ki \ r). Therefore, the 0-extension of / outside Ki is an element of jFj. □ 

For each distinct j G A, we denote Ki ~ Kj if Ca.\ij^^{Vij) > for / = i and j. We now 
assume the following in addition to Assumptions A and B. 

Assumption C (1) For each i G Aq, {SKi,^Ki) is irreducible. 

(2) For each distinct i,j G A, there exist k E N and a sequence ^o,"^!, ■ ■ ■ ,ik ^ A such that 
= Ki, Ki^ = Kj and Ki^ ~ Ki^^^ for / = 0, 1, . . . , - 1. 

(3) For each distinct i,j E A with Ki ~ Kj, there exists a positive Radon measure Uij on Tij 
such that UijfJPij) > and Uij is smooth with respect to both {£Ki,^Ki) and {SKj,^Kj)- 

Note that, when i G Ai, {£Ki,-^Ki) is irreducible since Di is connected. (See, e.g. Theo- 
rem 4.5 in j24j, for the proof.) 

For each nearly Borel set B C M", define as = inf{t > : G B}. The next proposition 
shows that Xt penetrates into each Ki. 

Proposition 6.5. The following holds for any nearly Borel set B with Cap(^(-B) > 0. 

P^{aB < oo) > for {£ , J^)-quasi every x E G. (6.2) 
Especially, if B is a subset of a certain Ki with Capj^_{B) > 0, then ()6.2|) holds. 

Proof. By virtue of Theorem 4.6.6 in JU], it is enough to prove that {S,T) is irreducible. We 
first recall the following fact. Let {S,!F) be a local Dirichlet form. (Here, the locality means 
^{fid) = if /(7 = a.e. All Dirichlet forms appearing in this article are local in this sense; 
see [221 •) Let F be a measurable subset of the state space and C a dense set in J^. Then, Y is 
an invariant set if and only if ly ■ u G for any u E C. This is verified by Theorem 1.6.1 in 
[TUj and a usual approximation argument. 

Now, let M be an invariant set for (S,^). Fix i E A and take u G J-'xi H Go{Ki). We can 
take V G T>{£) such that f = 1 on suppw by Proposition 16.31 (2). Then, 1m ■ v G JF, which 
implies that (1m • '^')\Ki ^ ^Ki- Therefore, u ■ {1m ■ v)\Ki = u - iMnXi also belongs to JF^.. Since 
J^Ki n Go{Ki) is dense in JF^., we obtain that M fl i^j is an invariant set for {Exu^Ki)- By the 
irreducibility of {£Ki,-^Ki), either fii{M fl Ki) = or fii{Ki \ M) = holds. 

By this argument, there exists a subset A' of A such that M = [Jjg^/ Ki /i-a.e. Assume that 
M is a nontrivial invariance set. Then, A' 7^ 0, A' 7^ A, and there exist i E A' and j E A\A' 
such that Ki ~ Kj by Assumption C (2). Take a compact set H C Tij such that Vij{H) > 0, 
and a relatively compact open set H' including H. Take v G ^^{8) such that v = 1 on H' and 
let u = 1m ■ f G JF. Denote by u the quasi-continuous modification of u w.r.t. (£^,JF). Then, 
u\ki is also quasi-continuous w.r.t. {Ski,^Ki) for / = i,j. Since m = 1 /i-a.e. on i7' n i^^j, we 
have u = I ^T^.-q.e. on H C H' D Ki. By Assumption C (3), m = 1 i/jj-a.e. on H. On the other 
hand, since m = /x-a.e. on if' fl Kj, we have -u = £^Xj-q.e. on if. Therefore, m = z/jj-a.e. on 
ii. This is a contradiction, which deduces that {£,fi) is irreducible. □ 
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The fractal field in Figure 2 satisfies Assumptions A, B and C, so there is a penetrating 
diffusion on the field. 

In [12], detailed properties of Xt such as heat kernel bounds and large deviation estimates 
are established under strong assumptions such as Assumption 2.2 in 12j. Using the results 
given in this section, one can relax the assumption and obtain the same results by the same 
proof given in ^2] , when each Dirichlet form is the resistance form in the sense of JH] • 

Acknowledgements. The authors thank Professor R. S. Strichartz for fruitful discussions 
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